This paper determines the rational cohomology ring of the configuration space of n-tuples of distinct points in a smooth complex projective variety X. The answer depends only on the cohomology ring of X.
Introduction
Let X be a topological space. We will consider the configuration space of ordered n-tuples of points in X:
F (X, n) = {(x 1 , . . . , x n ) ∈ X n : x i = x j if i = j}.
The symmetric group S n acts freely on F (X, n); let B(X, n) = F (X, n)/S n be the space of unordered n-tuples of distinct points in X.
The most famous of these spaces is B(R 2 , n): Fadell and Neuwirth showed that this space is an Eilenberg-Mac Lane space K(π, 1), with fundamental group isomorphic to Artin's braid group on n strings [12] . So the cohomology of B(R 2 , n) is just the cohomology of the braid group; it was computed by Fuks [13] and Cohen [7] . The space F (R 2 , n) is also a K(π, 1) space, with fundamental group equal to the "colored braid group," that is, the kernel of the natural map from the braid group onto the symmetric group. Arnold computed the cohomology of F (R 2 , n); clearly this space is just the complement of a finite union of complex hyperplanes in C n [1] . The space B(R m , n) is not a K(π, 1) for m > 2, but it does have an interesting homotopy type: as n goes to infinity, the cohomology of B(R m , n) approximates the cohomology of the infinite-dimensional space Ω m S m , the space of maps from the m-sphere to itself. This fact has many consequences in homotopy theory; see F. Cohen [7] and R. Cohen [10] for surveys.
Recently Bödigheimer, Cohen, and Taylor [6] have computed the homology groups of B(X, n), for any odd-dimensional manifold X. Also, Löffler and Milgram [18] computed the Z/2-homology groups of B(X, n) for any manifold X. The answers depend only on the homology of X (along with the dimension of X). By contrast, the rational Betti numbers of B(X, n) are not determined by the rational Betti numbers of X for even-dimensional manifolds X, by the example in section 5. The situation is worse for cohomology rings; we do not even know whether the cohomology ring of B(X, n) is a homotopy invariant of closed manifolds X. On the other hand, Bendersky and Gitler observed that the cohomology groups of F (X, n) and B(X, n) are homotopy invariants of closed oriented manifolds X, and for rationally formal manifolds X, such as smooth complex projective varieties, they computed the rational cohomology groups of F (X, n) and B(X, n) explicitly in terms of the rational cohomology ring of X [3] .
The Leray spectral sequence
For a = b ∈ {1, . . . , n}, let p a : H * (X) → H * (X n ) and p * ab : H * (X 2 ) → H * (X n ) be the obvious pullbacks. For X an oriented real manifold of dimension m, let ∆ ∈ H m (X 2 ) denote the class of the diagonal.
For the following theorem we need some combinatorial definitions. Define a partition J of a set {1, . . . , n} to be a set of nonempty subsets of {1, . . . , n} which are pairwise disjoint and whose union is {1, . . . , n}. In particular, we do not specify an order on the set J. For any space X, a partition J of {1, . . . , n}, say into n − r elements, determines a "diagonal" subspace X J ⊂ X n , defined as set J. Finally, for a partition J of {1, . . . , n} into subsets of orders j 1 , . . . , j n−r , define c J = (j 1 − 1)! · · · (j n−r − 1)! Theorem 1 Let X be an oriented real manifold of dimension m. Let k be a field. The inclusion F (X, n) ֒→ X n determines a Leray spectral sequence which converges to H * (F (X, n); k) as an algebra. The E 2 term is a bigraded algebra which we now describe. It is the quotient of the graded-commutative k-algebra
where H i (X n ) has degree (i, 0) and the G ab are generators of degree (0, m − 1) for 1 ≤ a, b ≤ n, a = b, modulo the following relations:
The differential is given by dG ab = p * ab ∆. The symmetric group S n acts on F (X, n) and X n , and so it acts on this Leray spectral sequence. The action on the E 2 term is given by the obvious action on H * (X n ) and by σ(
In fact, we can describe this E 2 term with Z coefficients as well. The only nonzero rows are the r(m − 1)st rows, 0 ≤ r ≤ n − 1. The r(m − 1)st row is the direct sum, over all partitions J of {1, . . . , n} into n − r pieces, of the cohomology of X n−r J with integer coefficients, tensored with Z c J .
. . .
In more detail, the only nonzero rows are the r(m−1)st rows, 0 ≤ r ≤ n−1. The r(m − 1)st row is a sum over all partitions J of the set {1, . . . , n} into n − r pieces; clearly each such partition corresponds to a diagonal X n−r J ⊂ X n . For a partition J into subsets of orders j 1 , . . . , j n−r , j k = n, the number c J which occurs in the above E 2 term is c J = (j 1 − 1)! · · · (j n−r − 1)! Remarks.
(1) As we mentioned in the introduction, this spectral sequence was first described by Cohen and Taylor [8] . Also, they observed that the spectral sequence has no differentials (with integer coefficients) if X is the product of any manifold with the real line, and that the integer cohomology ring of F (X, n) is isomorphic to the E 2 term as a ring (not just modulo filtration) if X is the product of any manifold with R 2 . (2) The E 2 term of this spectral sequence has a rich and somehow very natural structure, as I will explain.
There are two types of generators in cohomology, one type, the classes G ab , coming from the cohomology of the configuration space of n-tuples of points in Euclidean space, because X locally looks like Euclidean space, and the other type coming from the cohomology of X. The relations come in two types, relations (0)-(2) above coming from the locally Euclidean structure of X, and relation (3) which connects the classes G ab with the classes coming from the cohomology of X.
The relations giving the vanishing of the squares of the classes G ab and the three-term relation for the G ab 's are related to the antisymmetry law and the Jacobi identity in graded Lie algebras, as F. Cohen discovered ( [7] , p. 188). The phrase "graded Lie algebra" which occurs in his statement has to be explained more precisely, however, as we will now do. To state the result, we use that the cohomology ring of F (R m , n) is generated by the G ab 's modulo relations (0)- (2). Let T (n, m) be the integer cohomology group of F (R m , n) in the top dimension (= (m − 1)(n − 1)), with its natural action of the symmetric group S n . Then for a module V over a commutative ring k, the nth graded piece of the free non-associative algebra over V with product [x, y] satisfying [x, y] = −[y, x] and the Jacobi identity is given by
(If k is a field of characteristic = 2, this is the nth graded piece of the free Lie algebra on V , but in characteristic 2 we have omitted the relation [x, x] = 0.) Likewise, for m even, the representations T (n, m) * of S n define in the same way the free graded non-associative algebra on V in degree 1 which satisfies [x, y] = −(−1) |x||y| [y, x] and the graded Jacobi identity. This is the free graded Lie algebra in characteristics = 2, 3, but the good definition of graded Lie algebras in characteristics 2 and 3 is more complicated [2] . The proof goes along the lines suggested by Cohen, but it can be simplified so that it uses only the cohomology of the spaces F (R m , n), rather than the homology operations on iterated loop spaces. Also, these results are mentioned in Cohen-Taylor [9] , p. 95, with T (n, m) * replaced by T (n, m), which is just a misquotation of Cohen's theorem.
Proof of Theorem 1. The Leray spectral sequence for the inclusion f : F (X, n) ֒→ X n has the form
Here R j f * Z is the sheaf on X n associated to the presheaf
where U runs over the open subsets of X n . We need to see what these sheaves are.
The stalk of R j f * Z at a point x ∈ X n is easy to describe. Suppose that x = (x 1 , . . . x 1 , . . . , x s , . . . , x s ), where x 1 , . . . , x s ∈ X are distinct and each point x j occurs i j times, so that i j = n. Then
where U is a nice small neighborhood of x ∈ X n , and this is
This is a basic observation. It can be seen, for example, by using the exponential map of some riemannian metric on X to identify a small open ball in the tangent space T x j X with a small neighborhood of x j in X, small enough to be disjoint from the similar neighborhoods of the other points x j . Thus, to describe the E 2 term of the Leray spectral sequence for F (X, n), we need to understand the cohomology of F (R m , n). We will quote Cohen's results from [7] .
Fix integers m and n with m > 0. Define graded-commutative algebras over Z, G(m, n), with generators
Thus, if m is even, G(m, n) is a quotient of the exterior algebra on the G ab . Further, define σG ab = G σa,σb for σ in the symmetric group S n .
Lemma 1
The integral cohomology of F (R m , n) as an algebra over S n is isomorphic to G(m, n).
In particular, we see that the cohomology of a product
This implies that the cohomology sheaves R j f * Z for the inclusion F (X, n) ֒→ X n are 0 except for j = r(m−1), 0 ≤ r ≤ n − 1. (So the Leray spectral sequence will be zero except in rows r(m − 1), 0 ≤ r ≤ n − 1.) Also, we can see that the sheaf R r(m−1) f * Z is supported on the union of the diagonals X n−r ⊂ X n . We want to express this sheaf as the direct sum of sheaves supported on each of the diagonals X n−r ⊂ X n (they are in one-to-one correspondence with partitions of the set {1, . . . , n} into n − r subsets), and luckily this is possible.
For this purpose, we need to analyze the cohomology of
. These cohomology groups are nonzero only for 0 ≤ r ≤ n − k, and the crucial point for us is that if r < n − k, that is, if we are not looking at top-dimensional cohomology, then all r(m − 1)-dimensional classes are pulled back from similar products F (R m , j 1 ) × · · · × F (R m , j n−r ), on which these classes are top-dimensional. More precisely:
Lemma 3 Let I be a partition of the set {1, . . . , n}, and suppose r ≥ 0. Then
More precisely, the natural map from the right side to the left side is an isomorphism. Here the sum is over all partitions J of {1, . . . , n} into n − r subsets such that J refines I.
Proof. We will first prove the lemma when I is the trivial partition of {1, . . . , n} into just one piece. The general result is an easy consequence, using the Künneth formula.
By Lemma 2, a basis for
, and so on). This implies that the basis element G a 1 b 1 · · · G arbr determines a partition J of {1, . . . , n} into exactly n − r sets.
If the partition J consists of subsets of orders j 1 , . . . , j n−r , then it is clear that the basis element
Conversely, the image of this map consists of all basis elements
This implies the direct-sum splitting of the theorem in the special case where I is the trivial partition of {1, . . . , n}. The result follows in general by the Kunneth formula. (The Künneth formula has a simple form here, even with Z coefficients, because the spaces F (R m , i) have torsion-free cohomology.) QED (Lemma) Remark. Lemma 3 is a special case of Goresky-MacPherson's splitting theorem for the homology of the complement of a finite union of linear spaces in R n ( [15] , pp. 237-239). They do not work just with the "braid" arrangement as we have, but, more generally, with any arrangement of codimension-k linear subspaces V i ⊂ R n such that all intersections V i 1 ∩ · · · ∩ V ir have codimension a multiple of k. It should be possible to generalize Deligne's explicit description of the rational homotopy type of the complement of a divisor with normal crossings, in order to describe the complement of a subvariety with "Goresky-MacPherson crossings"; this paper is essentially a special case. Would the more general theory have any interesting applications?
We now see what Lemma 3 says about the sheaf R r(m−1) f * Z on X n . For each partition J of the set {1, . . . , n} into n − r subsets, of orders j 1 , . . . , j n−r , consider the inclusion g J : F (X, j 1 ) × · · · × F (X, j n−r ) ⊂ X n . There is a commutative diagram:
This follows from Cohen's calculations of H * F (R m , n): all the classes are products of pullbacks of the generator of
, and this depends only on the orientation of R m . Therefore, if X is an oriented m-manifold, we have an isomorphism of sheaves over X n :
This implies Theorem 1.
The first nontrivial differential
Let X be a real oriented m-manifold. From the description of the E 2 term of the Leray spectral sequence for F (X, n) ֒→ X n in theorem 1, we see that most of the rows are 0. It follows that the first differential which can be nonzero is d m .
Theorem 2 The differential d m takes the generator of H 0 (X n−1 ; Z), for each diagonal X n−1 ⊂ X n , to the cohomology class [X n−1 ] ∈ H m (X n ; Z), that is, to the pullback of the class of the diagonal [∆] ∈ H m (X × X). This determines d m on the whole E 2 term.
Proof. The E 2 term is generated as an algebra by the bottom row, H * (X n ; Z), together with the group ⊕ 1≤i<j≤n H 0 (X n−1 ij ; Z). Here, for each 1 ≤ i < j ≤ n, we define X n−1 ij = {(x 1 , . . . , x n ) ∈ X n : x i = x j }. The differential d m is 0 on the bottom row, since it maps each row to a lower row. So it suffices to determine the map
Pick a diagonal X n−1 ij ⊂ X n as above. Then the cohomology class 1 ∈ H 0 (X n−1 ij ; Z) is pulled back from the corresponding class in the Leray spectral sequence for the inclusion X n − X n−1 ij ⊂ X n , and by functoriality of Leray spectral sequences it is enough to determine d m (1) ∈ H m (X n ; Z) for this latter spectral sequence. But we know what the differentials are for the Leray spectral sequence of Y − Z ⊂ Y , where Z is a smooth submanifold with orientable normal bundle in a smooth manifold Y : they are just Gysin maps. The theorem follows.
Remark. Note that for X a real orientable manifold of dimension m, both [X n−1 ij ] ∈ H m (X n ) and [∆] ∈ H m (X 2 ) are only determined up to sign.
Degeneration
We don't know any example of an m-manifold X where the Leray spectral sequence for F (X, n) ֒→ X n in rational cohomology has another differential after the first nontrivial differential, d m . It would be interesting to know if there are such examples. We will prove, however, that if X is a smooth complex projective variety and we use rational coefficients, then the spectral sequence does degenerate after the first nontrivial differential. Moreover, the E 2l+1 = E ∞ term of the spectral sequence (l =dim C X) is isomorphic to the cohomology ring of F (X, n) as a Q-algebra, not just to the associated graded ring with respect to some filtration of H * (F (X, n); Q).
Theorem 3 If X is a smooth complex projective variety of complex dimension l, then the rational cohomology ring of F (X, n) is isomorphic to the cohomology of the algebra E 2 ⊗ Q, where E 2 is the algebra described in theorem 1, with respect to the differential d 2l described in theorem 2.
Proof. By Deligne [11] , the rational cohomology of every algebraic variety has a natural filtration called the weight filtration. This filtration is trivial (H i (X; Q) is pure of weight i) for smooth projective varieties, and in general the weight filtration on H i (X; Q) expresses how the cohomology of X can be built from the cohomology of smooth projective varieties. Also, for any algebraic map f : A → B, every group in the Leray spectral sequence converging to H * A has a weight filtration, and all the differentials are strictly compatible with this filtration.
This compatibility of the weight filtration with the Leray spectral sequence is verified most easily from the definition of the weight filtration in l-adic cohomology ( [11] , pp. 83-84). Here l is a prime number. Given a variety A/C, choose a finitely generated field K ⊂ C over which A is defined, and then the Galois group Gal(K alg /K) acts on H * (A; Q l ). Choose a prime m and a Frobenius element F m ∈ Gal(K alg /K). Then the eigenvalues α of F m (in a suitable finite extension of Q l ) are in fact algebraic integers, and for each α, there is an integer w(α) such that all complex conjugates of α have absolute value N (m) w(α)/2 . Let m W j be the sum of the eigenspaces corresponding to the eigenvalues α of F m with w(α) = j. Then the filtration by the ⊕ j≤i m W j is independent of m and of the choice of F m ; it comes from a filtration of H * (A; Q) which is independent of l; this is the weight filtration.
Since the Galois group acts on all l-adic cohomology groups, maps, and spectral sequences, we deduce immediately that the differentials in the Leray spectral sequence with Q coefficients are strictly compatible with the weight filtration.
Next, we need to describe explicitly the weight filtration on H i (X n ; R j f * Q), the E 2 term of the Leray spectral sequence. Let l = dim C X. By Theorem 1, R j f * Q = 0 if j is not divisible by 2l − 1, and
X n−r . Since X n−r ⊂ X n is a smooth subvariety of codimension rl, there is a Gysin isomorphism
The (−rl) denotes a shift by −2rl for the weight filtration, so that W (n) k = W k+2n .
The group H i (X n−r ; Q) is pure of weight i, because X n−r is a smooth projective variety. So H i (X n ; Q X n−r ) and hence H i (X n ; R r(m−1) f * Q) are pure of weight i + 2rl.
The differential d j , j ≥ 2, in the Leray spectral sequence can only be nonzero for j = k(2l − 1) + 1. In this case, it maps a subquotient of H i (X n ; R r(2l−1) f * Q) to a subquotient of H i+k(2l−1)+1 (X n ; R (r−k)(2l−1) f * Q). That is, it maps a group which is pure of weight i + 2rl to one which is pure of weight i + k(2l − 1) + 1 + 2(r − k)l = i + 2rl + (1 − k). Such a map must be zero unless k = 1. So the only differential which can be nonzero is d 2l and we have proved the degeneration of the spectral sequence.
This implies, by the well-known properties of the Leray spectral sequence, that there is a filtration of the ring H * (F (X, n); Q) such that the E 2l+1 = E ∞ term of the spectral sequence is isomorphic to the associated graded ring with respect to this filtration. But the weights of the groups contributing to a given H i (F (X, n); Q) are all different, and so this filtration is precisely the weight filtration of H * (F (X, n); Q), except for trivial changes corresponding to the fact that the only nonzero rows in the spectral sequence are those numbered r(2l − 1) for some r. Now Deligne proves ( [11] , p. 81) that the cohomology ring of any algebraic variety is isomorphic to the associated graded ring with respect to the weight filtration. Therefore the cohomology ring H * (F (X, n); Q) is isomorphic to the E 2l+1 = E ∞ ring in the Leray spectral sequence for f : F (X, n) ֒→ X n . QED.
Summary, for smooth projective varieties
In this section, all cohomology will be with rational coefficients. For a = b ∈ {1, . . . , n}, let p a : H * (X) → H * (X n ) and p * ab : H * (X 2 ) → H * (X n ) be the obvious pullbacks. For X a smooth projective variety of dimension l over C, let ∆ ∈ H 2l (X 2 ) denote the class of the diagonal.
Theorem 4 Let X be a smooth projective variety of dimension l over C. Then the rational cohomology ring of the configuration space F (X, n) is the cohomology of the following differential graded algebra E(n). E(n) is the quotient of the graded-commutative Q-algebra
is the cohomology of a differential graded algebra E(n), and the S naction on H * F (X, n) comes from an action on E(n). We use the fact that the coefficients are Q again to show that the cohomology of the ring of invariants E(n) Sn is the ring of invariants in the cohomology of E(n):
QED.
Of course, this description of the cohomology ring of B(X, n) is not as explicit as one would like; in particular, one has to work to compute the Betti numbers. Two interesting cases where the Betti numbers have been computed are:
(1) Bödigheimer and Cohen computed the Betti numbers of B(X, n) for all Riemann surfaces X [4] . (There are also some results on the torsion [5] .) (2) Fulton and MacPherson computed that the Betti numbers of F (X, 3) are not determined by the Betti numbers of X, for the particular pair of closed manifolds X = CP 1 × CP 2 and Y the nontrivial CP 1 -bundle P (O(1) ⊕ O(−1)) over CP 2 . We can compute that the same is true for the unordered configuration spaces in this example: X and Y have the same Betti numbers, but B(X, 3) and B(Y, 3) do not. (By contrast, for odd-dimensional real manifolds X, the Betti numbers of X determine those of B(X, n), and in fact the Z/p-Betti numbers of X determine the Z/p-Betti numbers of B(X, n) [6] .)
The calculation is slightly easier using this paper's spectral sequence. The E ∞ term of the spectral sequence computing H * (B(X, 3), Q) has Q-rank as follows: ) and B(Y, n) will be at most the corresponding numbers for F (X, n) and B(X, n) for all n. The point is that the cohomology ring of Y is a deformation of the cohomology ring of X, in the sense that the ring R a := Q[u, v]/(u 2 − (av) 2 , v 3 ) is isomorphic to H * Y for a = 0 and to H * X for a = 0. So, in the differential graded algebras E(n) and E(n) Sn constructed from R a , the linear maps d will have the same rank for all a = 0, and their ranks for a = 0 will be at most that. This implies the statement about Betti numbers.)
